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The Riemann hypothesis, one of the most important open problems in pure mathematics, implies the
most profound secret of prime numbers. One of the most interesting approaches to solve this hypothesis
is to connect the problem with the spectrum of the physical Hamiltonian of a quantum system. However,
none of the proposed quantum Hamiltonians have been experimentally feasible.Here, we report the first
experiment to identify the first non-trivial zeros of the Riemann zeta function and the first two zeros of
Pólya’s fake zeta function, using a novel Floquet method, through properly designed periodically driving
functions. According to this method, the zeros of these functions are characterized by the occurrence
of crossings of quasi-energies when the dynamics of the system are frozen. The experimentally obtained
zeros are in excellent agreement with their exact values. Our study provides the first experimental realiza-
tion of the Riemann zeros, which may provide new insights into this fundamental mathematical problem.
INTRODUCTION
The Riemann hypothesis (RH) [1] states that all non-trivial
zeros of the Riemann zeta function ζ(s) are on the critical line
of Re[s] = 1/2 in the complex plane, i.e., all non-trivial zeros
have the form sn = 1/2 + iEn, where En are real numbers.
The RH is one of the most important unsolved problems in
the field of pure mathematics because it is closely connected
to many fundamental mathematical problems [2, 3] such as
the distribution of prime numbers[4].
At a numerical level, more than 1013 zeros of the Rie-
mann zeta function have been indentified using classical
computer[5]. However, a complete proof of the RH still needs
to explored. At an experimental level, several physical imple-
mentations have been performed to simulate the zeros, such
as an electronic analog device [6], and proposed in both clas-
sical systems, such as by the angular nodes separating the
side-lobes of a far-field diffraction pattern, e.g. in optics or
acoustics [7, 8], and quantum systems, such as by two entan-
gled quantum systems [9]. Among all approaches to sovle the
RH, the Pólya–Hilbert conjecture (PHC) is a fascinating one,
which supposes the existence of a Hamiltonian whose spec-
trum is the imaginary part of the Riemann zeros, and there-
fore real numbers. In this case all the Riemann zeros will
be of the form 1/2 + iEn with En real, which is the state-
ment of the Riemann hypothesis (RH). This conjecture was
first proposed by Pólya and Hilbert who were inspired by the
physical basis of the RH and the fact that all eigenvalues of a
physical Hamiltonian are real [10, 11]. Because of the unex-
pected association between the RH and quantum physics, and
particularly the supporting evidence from random matrix the-
ory [12–14] and quantum chaos [15, 16], several researchers
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have attempted to construct a suitable quantum Hamiltonian
[17–22]. The xp model is a well-known example [17, 23, 24],
however, to our knowledge, no such Hamiltonian has been
implemented in a real quantum system, e.g., more recently
an operator related to the xp Hamiltonian whose eigenvalues
correspond exactly to the Riemann zeros has been found [25],
but unfortunately it is not hermitian and therefore it is not a
properly a Hamiltonian.
Recently, a very different approach along these lines was
proposed by Creffield and Sierra [26]. In fact, a correspon-
dence was established between the non-trivial zeros of the
Riemann Ξ function and the degeneracy of the quasi-energies
in a periodically driven qubit (rather than the eigenvalues of
a static quantum Hamiltonian). This approach extends the
PHC to a driven system and sheds new light upon the asso-
ciation between the RH and quantum physics. In particular,
the periodic-driving approach is experimentally achievable,
although it requires demanding experimental conditions such
as a long coherence time, low operational error, and low state-
preparation and measurement (SPAM) error. In this study, we
report an experiment to precisely identify the first non-trivial
zero of the Riemann zeta function and the first two zeros of
Pólya’s function utilizing this Floquet approach.
Dynamics of a Floquet system
Because of their rich dynamics and flexibility, periodically
driven systems have been extensively used to explore differ-
ent phenomena such as topological insulators [27, 28], non-
equilibrium dynamics [29], and time crystals [30, 31]. Gen-
erally, when a system is driven by the periodic Hamiltonian
H(t) = H(t+T ) (where T is the period), its dynamics can be
effectively described by the Floquet formalism [32–34], i.e.,
the Floquet equation
(H(t)− i~ ∂
∂t
) |ψj(t)〉 = j |ψj(t)〉 , (1)
where the state |ψj(t)〉 is a Floquet state satisfying the peri-
odic condition |ψj(t)〉 = |ψj(t+ T )〉, and j is the quasi-
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Fig. 1. Driving functions. (A) The driving functions
fE(t) for the RiemannΞ function (solid) and Pólya’s function
(dashed) for E = 4. Four copies (separated by green-dashed
lines) of the truncated RE(t) (Eq. M8) and PE(t) functions
(Eq. M11) in the interval 0 ≤ t < pi/2 are joined together to
obtain the continuous periodic-driving function fE(t) with a
vanishing time-average. The driving period is T . (B) Pulse
shape with different Ω. The period T is fixed at a constant
value (2pi). The driving pulse becomes narrower and higher as
Ω increases. Note that a large Ω would ensure that the system
is well within the high-frequency regime. In our experiment,
Ω is set to 8.
energy corresponding to the Floquet state |ψj(t)〉. The Flo-
quet state and the quasi-energy are analogs of the eigenstate
and the eigenvalue in the time-independent case. The state of
the driven system is the superposition of the Floquet states,
i.e.
|Ψ(t)〉 =
∑
aj exp[−ijt] |ψj(t)〉 , (2)
where aj is the time-independent coefficient determined by
the initial state Ψ(0). The Floquet states reflect the short-time
response of the system to the driving field within one period,
whereas the quasi-energies determine the long-term dynamics
[34, 35].
We considered the periodic-driving Hamiltonian of a qubit
system as
HE(t) = ~(−Jσx + JfE(t)/2 σz), (3)
where fE(t) is the periodic driving field (with period T ), i.e.,
fE(t) = fE(t + T ), E is the driving parameter, and J is
the tunneling frequency. Generally, it is difficult to exactly
solve the Floquet Eq. 1; however, in the strong-driving limit,
where the frequency ω = 2pi/T dominates J , e.g., ω  J ,
the Eq. 1 can be solved by treating the time-independent part
of the Hamiltonian (−Jσx) as a perturbation [36, 37]. Based
on the first-order expansion of J , the quasi-energies of the
driving qubit are given by ± = ±~|Jeff |, where
Jeff =
J
T
∫ T
0
dt e−iFE(t) (4)
is the effective tunneling between the two Floquet states and
FE(t) =
∫ t
0
dt1 fE(t1). (5)
Therefore, we engineered effective tunneling via periodic
driving.
Periodic-driving function for the Riemann Ξ function and
Pólya’s function
As shown in the methods section, if the driving field fE(t)
in the Eq. 3 is carefully designed, the effective tunneling
<(Jeff (E)) can be proportional to the Riemann Ξ func-
tion, i.e., <(Jeff (E)) ∝ Ξ(E). The Riemann Ξ function
is Ξ(E) = 12s(s − 1)Γ( s2 )pi−s/2ζ(s), whose zeros coincide
with the non-trivial zeros of the Riemann ζ(s) function. Con-
sequently, when E is the zero of Ξ(E), Jeff (E) will vanish,
indicating that the dynamics of the system are frozen. This
phenomenon is the so-called CDT [34, 38]. Therefore, the ze-
ros of the Riemann Ξ function which coincide with the non
trivial zeros of ζ(s) can be obtained by detecting the degener-
acy of the quasi-energies as the parameter E varies.
To achieve the desired effective tunneling, the driving func-
tion in one period is formed of four segments: the first seg-
ment (0 ≤ t ≤ pi/2) can be described as fE(t) = RE(pi/2−t)
(Eq. M8 in the Methods Section); the second segment (pi/2 ≤
t ≤ pi) is obtained by reflection transformation of the first
segment along t = pi/2, i.e., fE(t) = fE(pi − t); and the
third and fourth segments (pi ≤ t ≤ 2pi) can be constructed
as fE(t) = −fE(2pi − t). The driving function in the whole
period is shown in Fig. 1A. Note that this function is contin-
uous, has a time-average of zero, and satisfies the required
parity condition (details in the Methods section).
Similarly, Pólya’s function Ξ∗(E), which can be viewed as
a smoothed version of the Riemann Ξ(E) function, can be
proportional to the effective tunneling of a certain engineered
driving function PE(t) (the form of the function is shown in
Fig. 1A and Eq. M11 in the Methods section). Its zeros can
be obtained by detecting the degeneracy of quasi-energies by
scanning the parameter E in the driving field.
To ensure the validity of the previous statement, two con-
tradictory conditions need to be guaranteed: a) the high-
frequency condition in Eq. 3, (ω = 2pi/T  J), which val-
idates the perturbation expansion in the Floquet formalism,
and b) the large-T condition, which guarantees that the effec-
tive tunneling converges well to the desired function. Actu-
ally, the driving functionsRE(t) and PE(t) decay rapidly and
the function cuts off at T0 = pi/2 is enough to ensure con-
vergence. To further satisfy the high-frequency condition, we
fixed the period of the driving function to 2pi and re-scaled the
driving field fE(t) as Ωf(Ωt), where Ω > 1. The re-scaled
driving field is shown in Fig. 1B. For a larger Ω, the driving
pulses get narrower and higher and the quasi-energy spectrum
of the system will approach the high-frequency limit. Thus,
with a larger Ω value, the results are more precise. Note that,
for our experiment, Ω = 8.
Experimental setup
3A B C D
Fig. 2. The dynamics of the probability P|+〉(E, t′ = mT ′) with driving parameter E near the first zero of the Riemann
Ξ(E) function. (A) In our experiment, the driving comprises up to 20 identical periods of fE(t). With different driving functions
(characterized with different parameters E), the probability P|+〉 at time mT (T = 2pi is the period) behaves differently. Under
the tailored driving function fE(t), <(Jeff (E)) is proportional to Ξ(E). Once the dynamics are frozen (i.e., CDT occurs), the
associated E corresponds to the zero of Ξ(E). It is clear from (a) that the evolution is nearly frozen (flat) when E approaches
14 (CDT). (B) The zero of the sum of the values of the residuals (SOR; the blue horizontal dashed line) lies between E = 14
and E = 15, indicating that the first zero of the Riemann Ξ function is between E = 14 and E = 15. The green solid line
indicates the theoretical values of SOR. (C) For better precision, we obtain measurements from E = 13.5 to E = 14.5 with a
step ∆E = 0.1 and drive the system up to 30 periods. Each measurement is repeated 160,000 times. The inset in (C) depicts
the measured probabilities P|0〉(E, t′ = mT ′) and P|i〉(E, t′ = mT ′) where |i〉 = (|0〉+ i|1〉) with E = 14.0. The SOR in (D)
shows that the coherent destruction of tunneling (CDT) happens between E = 14.2 and E = 14.4, while the exact first zero of
Ξ(E) is 14.1347 (the red vertical dashed line).
A B C D
Fig. 3. The dynamics of the probability P|+〉(E, t′ = mT ′) with driving parameter E near the first zero of Pólya’s
function Ξ∗(E). (A) The coarse scan of E from 6 to 12 explicitly indicates that the evolution is frozen around E = 9. (B) The
measured (dots) and theoretical (green solid line) values of SOR. When E = 9, SOR is nearly zero (blue horizontal dashed line).
A fine scan around E = 9.0 with a step of 0.1 is depicted in (C) and (D). The inset in (C) depicts the measured probabilities
P|0〉(E, t′ = mT ′) and P|i〉(E, t′ = mT ′) with E = 9.0. It can be inferred that the zero of the SOR as well as Pólya’s function
Ξ∗(E) lies between 9.0 and 9.1. The deviation from the exact zero of 8.993 (the red vertical dashed line) is because of the
limited Ω.
To demonstrate the previous theories, the ion-trap simula-
tor is the ideal setup. In the experiment, the two-level sys-
tem is encoded in a trapped ion. The qubit to be driven is
encoded in the 12.6-GHz hyper-fine clock transition |0〉 ≡
2S1/2 |F = 0, mF = 0〉 and |1〉 ≡ 2S1/2 |F = 1, mF = 0〉
in a single 171Yb+ ion confined in an RF trap [39]. This tran-
sition is first-order magnetic-field insensitive and a long co-
herence time of 10 min has been observed using sympathetic
cooling and dynamical decoupling [40]. The long coherence
of this qubit is critical to observe the CDT (corresponding
to the zeros of the corresponding functions), for which many
driving cycles are necessary.
After 1 ms of Doppler cooling, the qubit is initialized to
the ground state |0〉 with a probability of 99.9%. Then, a
modulated microwave-driving pulse B(t′) = B0 cos(ω01t′ +
Jφ(t = Jt′)) is generated using a programmable arbitrary
4A B
Fig. 4. The dynamics of the probability P|+〉(E, t′ = mT ′)
with a driving function near the second zero of Pólya’s
function Ξ∗(E). (A) When E increases from 15 to 22, the
second CDT and therefore the second zero point of Ξ∗(E)
appears between E = 18 and E = 19. The inset in (a)
depicts the measured probabilities P|0〉(E, t′ = mT ′) and
P|i〉(E, t′ = mT ′) where |i〉 = (|0〉 + i|1〉) when E = 19.0.
(B) The SOR values for each E vanish between E = 18 and
E = 19, which agrees well with the exact zero, i.e., 18.996.
waveform generator, where ω01 is the qubit transition fre-
quency and t′ = t/J is the real time in units of s and
φ(t) = F (t)/2. Moving to the rotating frame of the mi-
crowave using the unitary transformation e−i
ω01t
′+Jφ(Jt′)
2 σz
and applying the rotating-wave approximation, we obtain the
interaction Hamiltonian Eq. 3 between the microwave and the
atom [41]. Note that the tunneling frequency J is set to (2pi)4
kHz, which corresponds to a Rabi time of 250 µs. Moreover,
the re-scaled parameter Ω is set to 8, and the qubit is then
driven for time t′ = mT ′, where m is an integer and T is
the fundamental driving period T ′ = 2pi/J . Subsequently,
a resonant pi2 microwave pulse is applied to transfer the mea-
surement basis to |+〉 = 1√
2
(|0〉+|1〉). Finally, a 400-µs pulse
of a 369.5-nm laser is immediately used for fluorescence de-
tection. When more than one photon is detected, the measure-
ment result is noted as 1; otherwise, it is noted as 0. Many
repetitions are performed to obtain the P|+〉. Once we deter-
mine that P|+〉 does not change with m at some E, P|0〉 and
P|i〉 are measured to confirm the occurrence of CDT, where
|i〉 = 1√
2
(|0〉+ i |1〉).
Experimental results of the Riemann Ξ(E) function
We first detect the zeros of the Riemann Ξ(E) function.
One period of the fundamental driving function fE(t) is de-
picted in Fig. 1. To detect the CDT, we scan the driving pa-
rameter E and can measure the probabilities of the state on
different bases at t′ = mT ′ (where m is an integer). The
CDT occurs at a certain E where the measured probabilities
are constant for all m. In the experiment, for better precision,
we use the probability P|+〉 projected onto the basis |+〉 as the
primary indicator of CDT (the details of the selection of the
projection basis can be found in the Methods section).
To identify the E corresponding to the CDT, E is first
scanned between 10 and 18 with a step size ∆E = 1. In order
to quantitatively measure the deviation between the measured
evolution and the CDT, we define the SOR as S(T ′m, E) =∑
m P|+〉(T
′
m, E)−PCDT (T ′m), where P|+〉(T ′m, E) denotes
the probability that the state is measured to be in the state
|+〉 at time T ′m and PCDT (T ′m) is the probability when
CDT occurs. PCDT (T ′m) is determined by the prepared state
and the measurement basis, e.g., in our current experiment,
PCDT (T
′
m) = 0.5. The SOR, noted as S(E), depends upon
E and can be positive or negative. In particular, when CDT
occurs, S(E) will be zero. Actually, the best quantity to char-
acterize the CDT is the quasi-energy. In the Method section,
we give the method to extract quasi-energy (E) from the evo-
lution of P|+〉(T ′m, E), i.e., P|+〉 = 1/2 − sin(2(E)t′)/2.
However, as E is approaching the zero point, the evolution
becomes very slow and it becomes difficult to extract (E)
with only 20 periods of driving.
As can be seen in Fig. 2A, whenE approaches 14, the prob-
ability P|+〉 on the basis |+〉 is stable and barely changes from
0.5, indicating that the CDT happens near E = 14. Note that
S(E = 14) < 0 and S(E = 15) > 0, which suggests that the
CDT will appear between E = 14 and 15.
To determine the best value of E at which the CDT ap-
pears, we utilized a smaller ∆E and scanned E from 13.5 to
14.5. The experimental results are depicted in Fig. 2C and
Fig. 2D. Because S(E = 14.2) < 0 and S(E = 14.4) > 0,
we inferred that the zero of S(E) turns out to be between
14.2 and 14.4. Based on this result, it can inferred that the
zero of Jeff (E) and Ξ(E) lies between 14.2 and 14.4, which
is very close to the exact first zero of Riemann zeta function
ζ(1/2 + iE), i.e., E = 14.1347. As shown below, when Ω is
higher, the result will be more precise.
The experiment is repeated 40, 000 times in Fig. 2A and
160, 000 times in Fig. 2C. The error bars in Fig. 2A and Fig.
2C indicate the statistical error within one standard deviation.
The error bars of SOR in Fig. 2B and Fig. 2D are the sums
of the statistical errors of the corresponding m data points
p0(m,E) in Fig. 2A and Fig. 2C, respectively.
Experimental results of Pólya’s function Ξ∗(E)
We will now focus on identifying zeros of Pólya’s function.
Similar to the Riemann Ξ function situation, we first scan the
parameter E with a step size ∆E = 1. The experimental
results are shown in Fig. 3A and Fig. 3B. The first zero of
S(E) falls around E = 9. To obtain a more precise value of
E, we scanned E from 8.5 to 9.5 with a step size of ∆E =
0.1 and the results are shown in Fig. 3C and Fig. 3D. Note
that P|+〉 remains unchanged when E is between 9.0 and 9.1.
Therefore, the zeros of Jeff (E) and Ξ∗(E) are measured to
be between 9.0 and 9.1, which is close to the exact first zero
of Pólya’s function Ξ∗(E), i.e., E = 8.993. Furthermore, we
measured the second zero of Pólya’s function, which is near
19, as shown in Fig. 4. For each point, the experiment was
repeated 40, 000 times.
The experimental result and the theoretical prediction in
Fig. 3D are slightly larger than the exact zero 8.993 because
the scale factor Ω is not large enough to satisfy the high-
frequency limit. To demonstrate that the zeros can be bet-
5Fig. 5. The dynamics of the probability P|+〉 versus the
scale factor Ω near Pólya’s function’s first zero. The larger
value of Ω indicates a better high-frequency approximation
and a higher precision of the zeros. The system undergoes
CDT with the driving parameter E above 9.1 when Ω = 6;
however, when the parameter Ω increases to 8, CDT occurs
with the parameter E between 9.1 and 9.0. If Ω further in-
creases to 12, CDT appears with the parameter E remain-
ing very close to 9.0, which is closer to the exact result of
E = 8.993. Thus, if Ω keeps increasing, the CDT will theoret-
ically approach the exact zero of the Ξ∗(E) function. More-
over, the results show that the limited Ω is the dominant reason
for the deviation in zeros.
ter approached with a higher value of Ω, the behaviors of
P0(t
′ = 20T ′, E) at E = 8.9, 9.0 and 9.1 with varying Ω
are shown in Fig. 5. The smaller Ω (Ω < 6 ) introduces a rela-
tively larger deviation from the actual zero of Pólya’s function
Ξ∗(E), e.g., when Ω ≤ 6, CDT occurs with the driving pa-
rameter E > 9.1. Moreover, CDT appears with the parameter
E < 9.1 when Ω ≥ 8 and approaches the exact value as Ω
increases. However, CDT is much closer to E = 9.0 when
Ω = 12; therefore, larger values of Ω indicate that the zeros
have better precision. However, from an experimental point
of view, a larger Ω indicates more driving periods to distin-
guish the evolutions of the state with different E. This will be
limited by the coherence time and the stability of the system.
Therefore, under the trade off, we selected Ω = 8 in our cur-
rent experiment. Actually, for the Riemann Ξ(E) function, it
is more challenging to achieve larger Ω than it is with Pólya’s
function because of its smaller quasi-energies.
In conclusion, we have periodically driven a two-level
quantum system and identified that the special values of a
control parameter where the CDT phenomena happens co-
incidents with the first non-trivial zero of the Riemann zeta
function and the first two zaros of Pólya’s fake zeta function.
Although this is not a direct realization of the original Pólya–
Hilbert conjecture, it supplies an indirect observation of the
Riemann zeros in a quantum system for the first time. By
observation of the vanishing of the quasi-energies of a peri-
odically driven system, the Riemann zeros can be indentified
presicely. This work opens a new method to pursue the secret
of the PHC in a real physical system, as well as the famous
Riemann hypothesis. In the future, this method can be ex-
tended to indentify more zeros by improving the robustness
and detection efficiency of the platform or by using a more
efficient driving function for which the quasi-energies decay
more slowly [8].
METHODS
Driving function
We briefly introduce how driving functions can be obtained
[26]. On one hand, the effective Hamiltonian of the driving
system with the Hamiltonian (3) under the first-order pertur-
bation is
Heff = Jeffσx. (M1)
The quasi-energies of the driving qubit are given by ± =
±|Jeff |, where Jeff is determined by Eq. 4. The real part of
Jeff (E) is
<(Jeff (E)) =
∫ T
0
dt cosFE(t). (M2)
On the other hand, the RiemannΞ(E) function can be writ-
ten as [10]
Ξ(E) =
∫ ∞
0
dtΦ(t) cos(Et/2), (M3)
where Φ(t) = 2pie5t/4
∑∞
n=1(2pie
tn2−3)n2e−pin2et (in this
work, we used the first 100 terms). The aim is to find a FE(t)
such that the real part of Jeff (E) is propotional to the Rie-
mann Ξ(E) function, i.e.,
α
∫ ∞
0
dtΦ(t) cos(Et/2) =
∫ T
0
dt cosFE(t), (M4)
where α is the constant of proportionality between Jeff (E)
and the zeta function. For T sufficiently large, we can replace
the upper limit of integration on the left to obtain
α
∫ T
0
dtΦ(t) cos(Et/2) =
∫ T
0
dt cosFE(t). (M5)
Note that this relation must hold for all sufficiently large val-
ues of T (not just one particular value of T). As a consequence
we can deduce that
FE(t) = cos
−1[αΦ(t) cos(Et/2)], (M6)
Boundary conditions require F (t = 0) = 0, and thus
αΦ(0) = 1 and α = 1/Φ(0). This allows us to write F (t)
as
FE(t) = cos
−1[Φ(t)/Φ(0) cos(Et/2)], (M7)
Having obtained this result, we can now choose a specific
value for T. Because Φ(t) decays rapidly, the integration on
the right hand side can be cut at T = pi/2. Thus we choose
T = pi/2. By this choice of FE(t) the real part of Jeff (E)
6becomes proportional to Ξ(E). If E is the zero of Riemann
zeta function, it will be also the zero of RiemanΞ(E) function
and the Jeff (E) will vanish.
From Eq. 5 and Eq. M7, the driving function for the Rie-
mann Ξ(E) function can be directly obtained as follows:
RE(t) = − [Φ
′(t) cos(Et/2)− (E/2) Φ(t) sin(Et/2)]√
Φ2(0)− [Φ(t) cos(Et/2)]2 ,
(M8)
where t = Jt′ ∈ [0, pi/2] represents a dimensionless param-
eter [26].
The same method can be used on Pólya’s function,
Ξ∗(E) = 4pi2[Ka+iE/2(x) +Ka−iE/2(x)], (M9)
where x = 2pi, a = 9/4 and Kβ(t) is the modified K- Bessel
function, Kβ(x) =
∫∞
0
dt cosh(βt)e−x cosh t. Thus
Ξ∗(E) =
∫ ∞
0
dt α cosh(at)e−2pi cosh t cos(Et/2). (M10)
Replacing the upper limit with pi/2 will only lead to an negli-
gible relative error on the order of 10−7. From<(Jeff (E)) ∝
Ξ∗(E), the driving function can be obtained as follows:
PE(t) = −φ(t)(a tanh at− 2pi sinh t− E/2 tan(Et/2))√
1− φ(t)2 ,
(M11)
where a = 9/4 and t = Jt′ ∈ [0, pi/2].
Both RE(t) and PE(t) are truncated at pi/2. The driv-
ing function fE(t) constructed by directly repeating RE(t)
or PE(t) m times has the following limitations: i) it is dis-
continuous; ii) its average over one period does not van-
ish, which may heat the cold atom; iii) the periodic driving
field does not have odd parity, which indicates that the quasi-
energies may form a broad avoided crossing according to the
von Neumann–Wigner theorem [42]. To ensure the driving
field fE(t) satisfies the parity requirement P : x→ −x, t→
t + T/2, we joined together four copies of RE(t) or PE(t)
as shown in Fig. 1A with the total period T = 2pi (in the ex-
perimental setting, the period T ′ is 2pi/J). Note that these
modified driving functions, which are introduced in the main
text, can overcome all of the above problems and remain ex-
perimentally achievable.
Measurement-bases selection
Generally, CDT can be detected by projecting the states at
time mT onto any basis; however, the sensitivity of the prob-
ability against parameter E is strongly dependent upon the
measurement basis. Here, we show how to select the measure-
ment basis such that the CDT can be observed in a reasonable
driving time and at a higher precision.
In our experiment, the initial state in Eq. 2 is uniformly pre-
pared in |0〉. We will now compare three often-used mea-
surement bases: |0〉 (basis for σz), |+〉 (basis for σx), and
|i〉 = 1√
2
(|0〉 + i |1〉) (basis for σy).
1) If we project the system on the basis |0〉, the probability
at time t′ = mT ′ with parameter E will be P|0〉(E, t′) =
1/2+cos(2(E)t′)/2, where (E) is the quasi-energy defined
in Eq. 1. For two close parameters E1 and E2, the difference
of their probability is 4P|0〉 = P|0〉(E1, t′) − P|0〉(E2, t′) =
t′2(2(E1) − 2(E2)) + O((t′)2k), where O((t′)2k) is the
higher even-order terms.
2) If we project the state on the bases |+〉, the probability
is P|+〉 = 1/2 − sin(2(E)t′)/2. Similarly, the difference of
the probability with two close parameters E1 and E2 is
4P|+〉 = t′((E1)− (E2)) +O((t′)2k+1), (M12)
where O((t′)2k+1) gives the higher odd-order terms.
3) If we project the system on the basis |i〉, the probability
P|i〉 will sinusoidally oscillate near 0.5, with the amplitude A
being much smaller than 1 (A ' 0.005 for Riemann function
). The probability difference will be considerably small to be
measured experimentally.
The quantity t′ is much smaller than 1 whenE approaches
CDT, which indicates4P|0〉,4P|i〉 4P|+〉. To obtain pre-
cise values of zeros of the Riemann Ξ(E) and Pólya’s func-
tions, we need to separate P|+〉(E1, t′) from P|+〉(E2, t′) as
far as possible, where E1 and E2 are close to each other.
The previous analysis shows that P|+〉 is much more sensi-
tive against the parameter E then P|0〉 and P|i〉. Therefore, in
our experiment, we selected P|+〉 as our primary CDT indica-
tor. Furthermore, Eq. M12 indicates that if we want to have
a larger 4P|+〉, a longer driving time t′ will be expected. In
the experiment, because of the SPAM error (99.5% in our sys-
tem), the best distinguishable4P|+〉 is around 0.005. If CDT
occurs at E2 and ∆E = 0.1, (E1) − (E2) will be of the
order of (5× 10−4)/T ′, which indicates that the driving time
t should be at least 10T ′ according to Eq. M12. Moreover, the
coherence time should be longer than 2, 000 periods (~500 ms
in our case). However, to identify the second zero of Riemann
function, t′ should be longer than 1, 000T ′ and the coherence
time needs to be over 105T ′ (∼ 30 seconds in our case).
Observation of CDT in a trapped-ion qubit
Unlike the original proposal that Jeff can be directly mea-
sured by the free-expansion rate of a Gaussian wave packet of
cold atoms [26, 43, 44], we detect the vanishing of the effec-
tive tunneling Jeff using the frozen dynamics in our trapped
ion. Generally, the system is in the state described by Eq. 2
whose evolution depends only upon the quasi-energies. When
CDT occurs, the vanishing quasi-energies in Eq. 2 merely
contribute a global phase to the after-integer periods, i.e.,
|Ψ(t+ kT )〉 = eiϕ |Ψ(t)〉, where k is an integer, T is the pe-
riod of the driving, and ϕ is the global phase, i.e., the state is
frozen at multiple periods. Therefore, when the CDT occurs,
the vanishing of the quasi-energies can be directly determined
by the constant population on every measurement basis after
multiple periods. For this experiment, we first detected the
|+〉 basis to identify the frozen point of E. Subsequently, we
confirmed that the CDT indeed occurs by detecting the state
evolution onto bases |0〉 and |i〉.
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